th -order Gauss-Lobatto collocation scheme is detailed, including mesh refinement iterations to meet a user-specified error tolerance. The algorithm is robust and efficient, locating path constrained orbits when little information is available regarding the behavior of the solutions. Using a Fourier series control law, the method is applied to the computation of highly unstable, pole-sitter orbits in the Earth-moon restricted three-body problem. The results are comparable to those obtained with standard explicit propagators.
INTRODUCTION
Systematically designing a complicated spacecraft trajectory is not always a straightforward procedure. The design problem may involve a nonlinear chaotic dynamical environment, path constraints, multiple phases, and control variables. Often, neither the shape nor the corresponding control history are known a priori. Additionally, multiple trajectory design options are desired for trade study purposes and ultimately optimal trajectories are sought. In such cases, developing robust numerical techniques is as essential as the resulting trajectories.
Collocation is a powerful method for solving these types of difficult problems in engineering. In collocation, an approximate trajectory is decomposed into many discrete points, or nodes. The nodes are interpolated using piecewise continuous polynomials, and subsequently adjusted until the polynomials satisfy the system differential equations. Collocation best distributes sensitivities over the entire trajectory, allowing for large basins of attraction. Trajectories are computed efficiently by exploiting functional independencies. Doedel successfully used collocation to solve singular perturbation problems, problems with derivative discontinuities, and homoclinic bifurcation problems. 1 In Betts, 2 collocation was used to solve over 70 different trajectory optimization problems.
To demonstrate the method, the collocation approach is applied to the problem of computing solar sail lunar pole-sitter orbits. Using the thrust provided by the sail, it is theoretically possible to continually maintain lunar south pole communications with only one spacecraft. Although the technology to support these thrust magnitudes is still in development, the option remains enticing since most studies indicate that at least two satellites are necessary for complete coverage. 3, 4 The solar sail design concept has been thoroughly examined by McInnes. 5 Since the recent lunar initiative announced by NASA in 2004, renewed interest in the lunar pole-sitter has resulted in detailed analyses by Ozimek et al. 6 and West, 7 and continues to be explored by other researchers. 8, 9, 10 In this study, the systematic collocation approach for computing orbits is outlined and analyzed within the context of designing periodic solutions for the sail lunar pole-sitter problem. A global Fourier series control law is a natural choice for this application due to the resulting periodic control histories. Elevation angle and altitude bounds are selected to ensure continuous coverage. A simple initial guess is available by exploiting basic knowledge of the dynamical system. After obtaining a preliminary solution with collocation, the distribution of discrete points that approximates the continuous trajectory, or the mesh, is refined until a desired integration accuracy is achieved. The monodromy matrix is computed and used to analyze the stability of the solutions. The solutions are compared to and validated against the accuracy of standard explicit propagators, such as those that appear in MATLAB R . In summary, the method serves as a standalone procedure for designing complicated orbits to highly accurate levels of numerical precision.
METHODOLOGY
The general solution procedure for solving problems with collocation is first outlined in detail. The application for this study is the computation of periodic orbits subject to a given control law and constrained path. However, the method is sufficiently general to apply to many different problems in trajectory design. The authors have successfully implemented adaptions of the following procedure to compute flybys in the two-body problem (with or without low-thrust), uncontrolled periodic orbits in the restricted three-body problem, low-thrust Earth-moon transfers, pole-sitter trajectories supported by electric propulsion, and high fidelity modeling with ephemerides.
The collocation scheme described here was originally published by Herman. 11 Herman demonstrated that higher-order Gauss-Lobatto methods are generally more robust and more efficient than lower-order Simpson and trapezoidal schemes. Lower-order methods also require a much larger discretization and therefore risk a greater chance of accumulating round-off error when step-sizes become small. He notes that, as a general rule, the order of the integration scheme is best selected to equal the desired number of digits of accuracy. Thus, he constructed the collocation scheme with order of accuracy 12 as described below. Although automatic node placement is less important for higher-order methods, it is still essential. The error cannot be bounded without employing some method of mesh refinement. In brief, mesh refinement works to satisfy two objectives: (1) to equally space the error across every segment, and (2) to reduce the error below a user-specified tolerance. Objective (1) supports efficiency and eliminates large round-off errors resulting from small step-sizes. Objective (2) mitigates undesirable behavior in the trajectory that arise as artifacts of numerical error. The refinement procedure outlined in this section and used in the following study is an adaption from de Boor. 12 
General Problem
Consider the general objective of computing an orbit x(t) that satisfies a set of governing ODEṡ
where t is the time, x is the state vector, u is the control vector, and µ is the parameter vector. (Vectors and matrices are represented by bold-faced characters.) The dot in Eq. (1) indicates a derivative with respect to time t. The trajectory may also be required to continuously satisfy the path constraints
Here η 2 refers to the element-wise square of the vector η. Equation (2) encompasses inequality constraints of the formg(x) < 0 by introducing the slack variable vector η. The periodicity condition is
where T is the period of the orbit. A natural solution without any control may not satisfy Eqs.
(1)-(3). Thus, solving for x(t) normally requires a control history or control law u(t). This study assumes a periodic control law is available. While maximizing or minimizing some objective function of the state variables is often desired, optimality will indirectly be addressed by sequentially modifying the prescribed inequality bounds to the limits of available solutions.
Collocation
One approach to solve the problem is to employ seventh-degree piecewise continuous polynomials and the method of collocation. Let n nodes partition the solution into n − 1 segments consistent with the fixed mesh Π :
The time interval along a given segment can be converted from [t i , t i+1 ] to τ ∈ [0, 1] using
where ∆t i = t i+1 − t i . Then the polynomials representing the segment are
where A is the matrix of coefficients. Let
, and x j = x (τ j ), where the subscript 'j' is defined in Figure 1 . Prime indicates a derivative with respect to normalized time τ , i.e.,
. Only the four points x i , x i,2 , x i,3 , x i+1 are necessary to uniquely determine the polynomials represented by Eq. (6). Additionally there are three defect points and, therefore, seven points total are required to construct the Gauss-Lobatto integration constraints. The points are distributed on the normalized time interval according to the set {0,
are the same for every segment and selected to minimize the local truncation error. (See Table 1 .) Recall that the known points on the segment are x i , x i,2 , x i,3 , x i+1 . From Eq. (6), the points must satisfy
where Since the left-hand side of Eq. (7) is given and B is a known (constant) matrix, the coefficients A can be computed from Eq. (7). Then, to satisfy the system equations, the time derivatives of the polynomials must also satisfy the ODEs in Eq.
(1) at the defect points x i,1 , x i,c , and x i,4 . (See Figure 2 for a geometric representation of the defect constraints.) Using Eq. (6), the interpolated expressions for these quantities are
(10)
where
The resulting defect constraint equations are
Recall that time is fixed consistent with the mesh Π and it is assumed that a control law u(t) is available for interpolating the control. Therefore t and u do not appear in the functional dependencies on the left side of Eqs. (12)- (14). The coefficients a, v, b, and w that appear in Eqs. (9)- (14) are the same for every segment, and are listed in Table 1 .
The path and periodicity constraints are discretized in a similar manner. The path constraints are enforced at the node points and internal points such that 
Similarly, the periodicity constraint is
The variables x j , η j , and µ are varied until Eqs. (12)- (16) are satisfied. Since each segment only depends on the adjacent segments, this process generally requires little computational effort.
It is important to note that sometimes a control law is not available. In such cases, either a linearly interpolated or splined control may be employed and, then, the defect constraints will depend on the node point controls as well. For very large dimensioned problems, it is sometimes useful to discretize the problem parameters in the vector µ by assuming that they are independent for each segment. Additional constraint equations are then necessary to enforce the condition that the parameters are equal from one segment to the next. Although this approach may significantly decrease computation time, for the purposes of this study it is assumed that all segments depend on the same single vector µ.
Satisfying the Constraints
Consider organizing the variables and constraints as follows. The variables are stored in the total variable vector X, i.e.
The complete constraint vector F (X) is
There are many ways to satisfy the constraints, but perhaps the simplest is a least-squares Newton's method.
Provided that an initial guess X k is available, a first-order Taylor series expansion about X k yields
where δX k = X k+1 − X k . Generally, there are an infinite number of solutions δX k that satisfy Eq. (19), however, a unique solution is determined by minimizing ||δX k || 2 . The solution is
Newton's method converges quadratically to a nearby solution by iteration over k using the update equation
. A solution that minimizes ||δX k || 2 is a natural choice for a first-order series approximation and ultimately leads to solutions that best preserve the design characteristics that the initial guess may possess. The derivatives in the Jacobian matrix DF can be computed analytically, from finite-differencing, or a combination of both. In the following, all the derivatives are computed analytically except for the derivatives of the defect constraints. Since the expressions for ∆ j are involved, these derivatives are computed using the complex-step method. The complex-step method is selected for its efficiency and double-precision accuracy. Note that, for large problems, DF is very large but also very sparse. Efficient algorithms are available for computing DF · DF T −1 F . (See Ozimek et al. 6 for a discussion on computing the Jacobian matrix and exploiting sparsity.)
Mesh Refinement
An optimal mesh (1) equally distributes the error associated with each segment, and (2) reduces the equally distributed error below a user-specified tolerance. Therefore, mesh refinement is based on an error analysis between the actual and approximate polynomial solutions. The previously described Gauss-Lobatto scheme has an order of accuracy equal to 12. Since the order of the method is greater than eight (one more than the degree), the error for the i th segment is
where x (8) is the eighth time derivative of x. Using the analysis presented in the Appendix of Russell and Christiansen, 13 the constant C (dimensionless) for the seventh-degree Gauss-Lobatto scheme is
In 12 circumnavigates this potential problem by approximating ||x (8) || with the piecewise constant function x (7) (τ ) and a difference formula. From de Boor
The
Since θ(t) is a piecewise constant function, the integral I(t) is a monotonically increasing piecewise linear function and can easily be determined using a rectangle rule. In Eq. (25), I −1 represents the inverse integral, and the process reduces to solving for t where I(t) takes the value in the argument. Given the new mesh, the polynomial expressions are used to interpolate the state variables associated with the new times.
Interpolating the new state variables minimizes the constraint violation introduced from the new mesh. The slack variables are selected such that the path constraints are initially satisfied. A new solution with a better equidistribution of error is then computed with Newton's method. The process repeats until the error is equally distributed and within a specified equidistribution tolerance.
Meeting an integration tolerance. Given a specified number of nodes n, generally one equidistribution iteration sufficiently distributes the error. If the error has been sufficiently equidistributed, the number of nodes is updated with
The variableē represents the mean error associated with the equidistributed mesh (ē ≈ ∆e i ). The userdefined tolerance is . Equation (27) determines the number of nodes required such that the error will reach an order of magnitude less than the specified tolerance. Given the new number of nodes n, a new mesh Π is then constructed with Eq. (25). Again, the state variables for the mesh are interpolated from the polynomial and slack variables are computed that initially satisfy the path constraints. The approximation is reconverged with the Newton's method procedure. A series of equidistribution iterations brings the maximum error (and, therefore, also the maximum difference in error) below .
In summary, the algorithm runs as follows: 1. Obtain an initial guess X and Π. 2. Update X until F (X) = 0 with Newton's method. 3. Update Π according to Eq. (25), construct new X. 4. Repeat 2-3 until the error is approximately equidistributed (start with 2, end with 2). 5. Update n using Eq. (27). 6. Repeat 2-3 until the error is below (start with 3, end with 2).
The process usually requires only a few refinements to meet the desired tolerance.
Linear Stability Analysis
For a small perturbation initially applied to the trajectory, the stability analysis measures the rate of departure from the reference path when the trajectory returns to a hyperplane. Since the Jacobian matrix for the constraint equations contains sensitivity information, the state-transition matrix can be extracted directly from the Jacobian matrix of the converged solution. For a converged solution, F (X) = 0 in Eq. (19). Then by isolating the state variations associated with the i th segment
In general, the matrix M possesses a nullspace with dimension equal to the dimension of x. Therefore, it is possible to eliminate δx i,2 and δx i,3 in Eq. (28) and solve for δx i+1 as a linear combination of δx i . More precisely, Eq. (28) allows computation of a matrix Φ(t i+1 , t i ) such that
The matrix Φ(t i+1 , t i ) is known as the state-transition matrix. A general algorithm for computing Φ(t i+1 , t i ) in Eq. (29) applies to every segment. Then, the monodromy matrix is
While eigenvalues of Φ(t n , t 1 ) inside the unit circle correspond to locally stable modes, eigenvalues outside the unit circle indicate instability.
APPLICATION TO LUNAR POLE-SITTER ORBIT
Orbits are designed in the Earth-moon restricted three-body problem with the addition of acceleration forces due to a solar sail. In this model, the Earth and moon are assumed to move in circular orbits, and the spacecraft possesses negligible mass in comparison to the Earth and moon. A rotating, barycentric coordinate frame is employed, with the x-axis directed from the Earth to the moon. The z-axis is parallel to the Earth-moon angular velocity. Then the equations of motion for the system arė
where the ∇ T operator refers to the gradient-transpose. The components are derivable from the potential function
and x, y, and z are the components of the spacecraft's position relative to the rotating, barycentric frame. The mass parameter is γ, the Earth-moon angular velocity is Ω, and r 1 and r 2 are the positions of the Earth and moon, respectively. Equation (31) is also nondimensional, where the characteristic quantities are the total mass m * of the system, the distance l * between the Earth and moon, and the familiar characteristic time t * = (l * 3 /Gm * ) 1/2 . (The quantity G is the universal gravitational constant.) The magnitude of the solar radiation pressure force supplied by the sail at 1 AU is defined as the constant characteristic acceleration κ, and it is directed along a unit-vector u, the control parameter normal to the surface. An idealized, perfectly reflective sail acceleration model is assumed, where l is the unit-vector directed from the sun to the spacecraft. This formulation for sail acceleration is valid as long as l T u ≥ 0. The vector l is simplified to rotate in a circular orbit within the Earth-moon plane once per synodic lunar month, or with angular rate ω s , i.e.
Lunar south pole line-of-sight using only one spacecraft requires a path constraint on the minimum elevation angle φ lb . It is also desirable to bound the spacecraft below some maximum altitude d ub . The continuous path constraints as defined by Ozimek et al. 6 are
and R m is the nondimensional mean radius of the moon. The periodicity constraint is chosen to be synchronous with one lunar synodic month, or period T = 2π/ω s ≈ 29.64 days.
Control Law
The components of the control vector u in Eq. (31) are governed by the angles δ and α. The clock angle δ is the angle between l and u projected into the Earth-moon plane. The pitch angle α measures the out-of-plane angle associated with the control direction. Thus, the control u is
In a previous study by the authors, 6 the controls were varied at the node points. The angles α and δ were then computed after the determination of a control history that satisfied the problem constraints. Therefore, it was necessary to add a periodicity constraint on the control. For the trajectories previously investigated, the history for the angle α resembled an even sinusoidal function, while the angle δ appeared to closely follow an odd-valued sinusoid as a function of time. Given the problem symmetries and the physical interpretation of these angles, perhaps the most natural control laws for α and δ are even and odd Fourier series. Thus, it can be assumed that α and δ can be represented as
By construction, the period of α(t) and δ(t) is T = 2π/ω s . For implementation of the control in the collocation scheme, the Fourier coefficients are varied until the precise control law is uncovered for a given orbit. This result is achieved by storing the coefficients in the problem parameters vector µ for corrections, i.e. µ
Once a solution is computed and the corresponding vector µ is determined, the angle rates are accessible easily. The control ratesα andδ, which represent changes in the angles relative to l, follow aṡ
The Fourier series control law provided in Eq. (36) is sufficiently general for implementation in single or multiple shooting schemes with explicit integration.
Initial Guess Strategy
For this application, the initial guess process is based upon approximating the trajectory as a pole-sitter, i.e., v = 0. Then, from Eq. (31), the natural acceleration is entirely dependent upon the position of the spacecraft according to the value of ∇U . Figure 3 can therefore be used to quickly locate the position where the pole-sitter trajectory would most likely occur, given a specified characteristic acceleration. The nodes comprising the trajectory are all initially assumed to be coincident at a point in space with Π selected to equally distribute the time interval. The slack variables are always initialized such that the path constraints are satisfied. This initial guess requires little a priori knowledge. Furthermore, the solution is not biased in favor of a particular orbit, except for those trajectories that may exist near the pole-sitting position. The process to determine solar sail lunar pole-sitter orbits can be summarized as follows:
1. Examine Figure 3 to approximate a feasible region given the value of κ for the sail. Once an initial guess for X and Π is available, the previously defined collocation algorithm locates a nearby solution.
NUMERICAL RESULTS
The constants used for all numerical computations are listed in Table 2 . 
Near-Optimal Orbits
Using the previously mentioned initial guess procedure, five example orbits are generated. (See Figure 4 for the initial and final converged mesh discretizations and Table 3 for initial conditions and coefficient values.) The orbits are near-optimal in the sense that the iteration process evolves with increasing values of minimum elevation angle until the limits of convergence are reached. For all of the final solutions, only two refinement iterations are required. Inspection of one of the resulting control histories reveals that a smooth, periodic control history emerges that closely reflects the angles supplied with the initial guess. (See Figure 5 .) The resulting orbits and control histories bear close resemblance to the trajectories presented in a previous study by the authors. 6 The data summary in Table 3 indicates that with only a small number of Fourier coefficients, the minimum elevation angle φ min along any orbit deviates by at most 0.2 • compared to the minimum elevation angle in the previous study. No control rate boundaries are imposed onα anḋ δ, but all rates remain close to the 12.1 • /day baseline rate that is already necessary for the sail to turn to continuously face the sun. Since all of the orbits require control, it is not surprising that all are unstable. The stability analysis, measured in terms of λ max , indicates that the most unstable orbit is the L 1 , κ = 0.58 mm/s 2 orbit. The least unstable orbit is the hover orbit.
Comparison to Explicit Schemes
The nondimensional quantities x 0 , z 0 , andẏ 0 (y 0 =ẋ 0 =ż 0 = 0) are supplied in Table 3 for the purpose of recreating the orbits with a standard explicit propagator. The control law for implementation with an explicit subroutine is supplied by Eq. (36), where the coefficients for each orbit are provided in Table 3 . The initial states are integrated forward over the interval [0, T ] using MATLAB's ode45 and ode113. The propagator ode45 is a fourth-order Runge-Kutta method with fifth-order error control. The Table 3 . Data Summary for Near-Optimal Orbits +8.333198429994938d-4 −3.504456801267981d-3 +1.277367799213988d-1 +3.061175727108182d-2 +2.429599424843301d-2 Let ||h|| represent the norm of the difference between the final and initial state along the trajectory. The quantity ||h|| provides insight into the errors associated with each method. Recall that for the Gauss-Lobatto collocation scheme, ||h|| is constrained to be less than 1e-12. The values of ||h|| for the ode45 and ode113 runs are available in Table 4 . For all simulations, the absolute and relative errors are set to 1e-12.
To compare ode45 to ode113, the final row of Table 4 corresponds to the norm of the resulting vector from taking the difference of the final state vectors from ode45 and ode113. The table demonstrates that the periodicity violation is consistent with the order of the error associated with each propagator. These errors suggests that the periodicity violations ||h|| recorded in Table 4 result primarily from dynamical instability (not numerical error associated with the Gauss-Lobatto scheme). Note also that, as expected, greater values of ||h|| are associated with larger values of λ max in Table 3 . The orbit measure of instability stresses the importance of highly accurate integration subroutines. All the orbits are also propagated for multiple revolutions with ode45 and ode113. The orbit near L 1 with κ = 0.58 departs rapidly from the nominal orbit just after one revolution without additional control adjustments. The hover orbit stays close to the baseline periodic orbit the longest, departing after three revolutions. The other orbits depart after approximately two revolutions. The eigenvalues λ max computed from collocation are also verified and match closely with the eigenvalues computed from explicitly propagating the state-transition matrix. If desired, the errors recorded in Table 4 are small enough for x 0 , z 0 ,ẏ 0 , and the Fourier coefficients to serve as initial guesses in a differential corrections procedure with explicit integration. However, given the instability 1.75e-06 3.59e-08 9.10e-10 5.62e-09 5.68e-11
Comparison of ode45 and ode113 4.02e-07 4.42e-08 1.69e-09 4.28e-09 5.61e-13 of these orbits, it is likely that reducing the periodicity violation to zero with one integrator will still result in comparable errors to those recorded in Table 4 when integrated explicitly with the other integrator. Due to the dynamical sensitivity of the orbits, slight modifications of the angle histories may be sufficient to retain the trajectory near the baseline.
CONCLUSION
A seventh-degree Gauss-Lobatto scheme with mesh refinement for controlled periodic orbits is detailed. The scheme is successfully applied to compute lunar pole-sitter orbits using a solar sail. Comparison with previous efforts demonstrates that near-optimal elevation angle performance can be achieved by using a Fourier series control law with a small number of coefficients. The numerical behavior of the orbits is consistent with the predicted stability and the method produces results that are accurate to a level consistent with standard numerical integrators.
